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Abstract
The edge Folkman numbers are defined by the equality
Fe(a1, . . . , ar; q) = min{|V (G)| : G
e
→ (a1, . . . , ar; q) and cl(G) < q}.
Lin proved that if R(a1, a2) = R(a1−1, a2)+R(a1, a2−1) then Fe(a1, a2;R(a1, a2)) =
R(a1, a2)+2, whereR(a1, a2) is the Ramsey number showing thatKR(a1,a2)−3+
C5
e
→ (a1, a2) where C5 is the simple cycle on 5 vertices. We prove
some upper bounds on edge Folkman numbers for which R(a1, a2) <
R(a1 − 1, a2) +R(a1, a2 − 1) and we cite some lower bounds.
1 1. Introduction
Only finite non-oriented graphs without multiple edges and loops are considered. We
call a p-clique of the graph G a set of p vertices each two of which are adjacent. The
largest positive integer p such that G contains a p-clique is denoted by cl(G). A set of
vertices of the graph G none two of which are adjacent is called an independent set.
The largest positive integer p such that G contains an independent set on p vertices is
called the independence number of the graph G and is denoted by α(G). In this paper
we shall also use the following notations:
• V (G) is the vertex set of the graph G;
• E(G) is the edge set of the graph G;
• N(v), v ∈ V (G) is the set of all vertices of G adjacent to v;
• G[V ], V ⊆ V (G) is the subgraph of G induced by V ;
• Kn is the complete graph on n vertices;
• G is the complementary graph of G.
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Let G1 and G2 be two graphs without common vertices. We denote by G1 + G2
the graph G for which V (G) = V (G1)∪V (G2) and E(G) = E(G1)∪E(G2)∪E
′ where
E′ = {xy : x ∈ V (G1), y ∈ V (G2)}. It is clear that
cl(G1 +G2) = cl(G1) + cl(G2). (1)
Definition 1. Let a1, . . . , ar be positive integers. The symbol G
v
→ (a1, . . . , ar)
means that in every r-coloring of V (G) there is a monochromatic ai-clique in the i-th
color for some i ∈ {1, . . . , r}.
Definition 2. Let a1, . . . , ar be positive integers. We say that an r-coloring of
E(G) is (a1, . . . , ar)-free if for each i = 1, . . . , r there is no monochromatic ai-clique in
the i-th color. The symbol G
e
→ (a1, . . . , ar) means that there is no (a1, . . . , ar)-free
coloring of E(G).
The smallest positive integer n for which Kn
e
→ (a1, . . . , ar) is called a Ramsey
number and is denoted by R(a1, . . . , ar). Note that the Ramsey number R(a1, a2) can
be interpreted as the smallest positive integer n such that for every n-vertex graph G
either cl(G) ≥ a1 or α(G) ≥ a2. The existence of such numbers was proved by Ramsey
in [18]. We shall use only the values R(3, 3) = 6 and R(3, 4) = 9, [3].
The edge Folkman numbers are defined by the equality
Fe(a1, . . . , ar; q) = min{|V (G)| : G
e
→ (a1, . . . , ar) and cl(G) < q}.
It is clear that G
e
→ (a1, . . . , ar) implies cl(G) ≥ max{a1, . . . , ar}. There exists a
graph G such that G
e
→ (a1, . . . , ar) and cl(G) = max{a1, . . . , ar}. In the case r = 2
this was proved in [1] and in the general case in [16]. Therefore
Fe(a1, . . . , ar; q) exists if and only if q > max{a1, . . . , ar}.
It follows from the definition of R(a1, . . . , ar) that
Fe(a1, . . . , ar; q) = R(a1, . . . , ar) if q > R(a1, . . . , ar).
The smaller the value of q in comparison to R(a1, . . . , ar) the more difficult the
problem of computing the number Fe(a1, . . . , ar; q). Only ten edge Folkman numbers
that are not Ramsey numbers are known. For the results see the papers: [2],[4], [6],
[7], [9], [10], [11], [13].
2 2. Upper bounds on the edge Folkman num-
bers
We obtained the following result:
Theorem 1 Let a and α be nonnegative integers. Let us denote R = R(3, a).
Let R = R(3, a− 1)+ a−α and R− 3a+α+5 ≥ R(3, a− 2), a ≥ 4 . If there exists
a graph U with the properties
cl(U) = a− 1
U
v
→ (a− 1, a− 2)
U
v
→ (a− 3, . . . , a− 3
︸ ︷︷ ︸
a−2 times
, 3).
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Then
Fe(3, a;R − a+ α+ 4) ≤ R− 2a+ α+ 4 + |V (U)|.
Proof Consider the graph G = KR−2a+α+4 + U where U is the graph from the
statement of the theorem. We will prove that G
e
→ (3, a) and thus the theorem will be
proved (here we use (1) to compute that cl(G) = R−2a+α+4+cl(U) = R−a+α+3).
Assume the opposite: that there exists a (3, a)-free 2-coloring of E(G)
E(G) = E1 ∪E2, E1 ∩ E2 = ∅. (2)
We shall call the edges in E1 blue and the edges in E2 red.
We define for an arbitrary vertex v ∈ V (G) and index i = 1, 2 :
Ni(v) = {x ∈ N(v) | [v, x] ∈ Ei},
Gi(v) = G[Ni(v)]
Ai(v) = Ni(v) ∩ V (U)
Let H be a subgraph of G. We say that H is a monochromatic subgraph in the
blue-red coloring (2) if E(H) ⊆ E1 or E(H) ⊆ E2. If E(H) ⊆ E1 we say that H is a
blue subgraph and if E(H) ⊆ E2 we say that H is a red subgraph.
It follows from the assumption that the coloring (2) is (3, a)-free that
cl(G1(v)) ≤ a− 1 and cl(G2(v)) ≤ R(3, a− 1)− 1 for each v ∈ V (G) (3)
Indeed, assume that cl(G1(v)) ≥ a. Then there must be no blue edge connecting any
two of the vertices in G1(v) because otherwise this blue edge together with the vertex
v would give a blue triangle. As we assumed cl(G1(v)) ≥ a then we have a red a-clique.
Analogously assume cl(G2(v)) ≥ R(3, a− 1). Then we have either a blue 3-clique or a
red (a − 1)-clique in G2(v). If we have a blue 3-clique in G2(v) then we are through.
If we have a red (a− 1)-clique then this (a− 1)-clique together with the vertex v gives
a red a-clique. Thus (3) is proved.
We shall prove that
cl(G[A1(v)]) + cl(G[A2(v)]) ≤ 2a− 5 for each v ∈ V (KR−2a+α+4) (4)
Assume that (4) is not true, i.e. that there exists a vertex v ∈ V (KR−2a+α+4) such
that
cl(G[A1(v)]) + cl(G[A2(v)]) ≥ 2a − 4.
Then as there are R−2a+α+3 more vertices in V (KR−2a+α+4) with the exception
of v, it follows that
cl(G1(v)) + cl(G2(v)) ≥ R− 2a+ α+ 3 + 2a− 4 = R + α− 1 = R(3, a− 1) + a− 1
(here we use the statement of the theorem that R(3, a) = R(3, a− 1) + a− α.)
This contradicts (3). Thus (4) is proved.
Now we shall prove that
cl(G[A1(v)]) = a− 1 or cl(G[A2(v)]) = a− 1 for each v ∈ V (KR−2a+α+4) (5)
Assume that (5) is not true. Then we obtain from cl(U) = a− 1 that
cl(G[A1(v)]) ≤ a− 2 and cl(G[A2(v)]) ≤ a− 2 for some v ∈ V (KR−2a+α+4). (6)
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It follows from the statement of the theorem that U
v
→ (a − 1, a − 2) that in
every 2-coloring of V (U), in which there are no (a − 1)-cliques in none of the two
colors then there are (a− 2)-cliques in the both colors.Hence A1(v) and A2(v) contain
(a−2)-clique. Therefore the inequalities in (6) are in fact equalities, which contradicts
(4). Thus (5) is proved. Let us note that it follows from (5) and (4) that for each
v ∈ V (KR−2a+α+4)
if cl(G[A2(v)]) = a− 1 then cl(G[A1(v)]) ≤ a− 4. (7)
If we assume that there are a vertices v in V (KR−2a+α+4) with the property cl(G[A1(v)]) =
a−1 then it follows from (3) that there are only red edges between these a vertices and
hence this is a red a-clique. Therefore having in mind the statement of the theorem
there are at least R − 2a+ α+ 4− (a− 1) ≥ R(3, a− 2) vertices v in V (KR−2a+α+4)
with the property cl(G[A1(v)]) ≤ a− 2. Let us denote the set of these vertices by S.
It follows by (5) that cl(G[A2(v)]) = a − 1 for each v ∈ S. Then we obtain from (7)
that
cl(G[A1(v)]) ≤ a− 4 for each v ∈ S. (8)
As there are no blue 3-cliques among the vertices in S there is a red (a − 2)-clique
among them. Let us denote the vertices of this (a − 2)-clique by wi, i ∈ 1, . . . , a − 2.
Let us partition the vertices of U in a− 1 colors in the following way:
V1 = A1(w1)
and for j ∈ 2, . . . , a− 2
Vj = A1(wj)\V1 ∪ . . . ∪ Vj−1
Va−1 = V (U)\V1 ∪ . . . ∪ Va−2.
According to (8) it is impossible Vj , j ∈ 1, . . . , a − 2 to contain a (a − 3)-clique
because according to its definition Vj is a subset of A1(wj). But we know from the
statement of the theorem that U
v
→ (a− 3, . . . , a− 3
︸ ︷︷ ︸
a−2 times
, 3). Hence Va−1 contains a 3-
clique. Then this 3-clique must contain a red edge (otherwise it is a blue 3-clique and
we are through). But it follows from the definition of Va−1 that all the edges between
the vertices in Va−1 and the vertices w1, . . . , wa−2 are red. Then the red edge in Va−1
and the red (a − 2)-clique w1, . . . , wa−2 form a red a−clique. Thus the theorem is
proved.
If we put α = 0, a = 5, U = Q, where Q denotes the graph whose complementary
is the graph given here we obtain the following Kolev‘s result
Fe(3, 5; 13) ≤ 21, [5].
What is novel in this result is that for the first time the graph Q is used in the
theory of edge Folkman numbers.
We also prove the following result which unfortunately is not a particular case of
Theorem1:
Theorem 2 Fe(4, 4; 17) ≤ 25.
Proof Consider the graph G = K12 +Q and we shall show that G
e
→ (4, 4).
Assume the opposite: that there exists a (4, 4)-free 2-coloring of E(G)
E(G) = E1 ∪E2, E1 ∩ E2 = ∅. (9)
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Figure 1: Graph Q
We shall call the edges in E1 blue and the edges in E2 red.
We define for an arbitrary vertex v ∈ V (G) and index i = 1, 2 :
Ni(v) = {x ∈ N(v) | [v, x] ∈ Ei},
Gi(v) = G[Ni(v)]
Ai(v) = Ni(v) ∩ V (Q)
We say that H is a monochromatic subgraph in the blue-red coloring (9) if E(H) ⊆
E1 or E(H) ⊆ E2. If E(H) ⊆ E1 we say that H is a blue subgraph and if E(H) ⊆ E2
we say that H is a red subgraph.
It follows from the assumption that the coloring (9) is (4,4)-free and R(3, 4) = 9
that
cl(G1(v)) ≤ 8 and cl(G2(v)) ≤ 8 for each v ∈ V (G) (10)
Assume cl(G2(v)) ≥ 9. Since R(3, 4) = 9, then we have either a blue 3-clique or
a red 4-clique in G1(v). If we have a blue 3-clique in G1(v) then this blue 3-clique
together with the vertex v forms a blue 4-clique. If we have a red 4-clique then we are
through. Analogously we disprove cl(G1(v)) ≥ 9. Thus (10) is proved.
We shall prove that
cl(G[A1(v)]) + cl(G[A2(v)]) ≤ 5 for each v ∈ V (K12) (11)
Assume that (11) is not true, i.e. that there exists a vertex v ∈ V (K12) such that
cl(G[A1(v)]) + cl(G[A2(v)]) ≥ 6.
Then as there are eleven more vertices in V (K12) with the exception of v, it follows
that
cl(G1(v)) + cl(G2(v)) ≥ 17.
It follows from the pigeonhole principle that either cl(G1(v)) ≥ 9 or cl(G2(v)) ≥ 9,
which contradicts (10). Thus (11) is proved.
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It follows from Q
e
→ (3, 4) and cl(Q) = 4 that
cl(G[A1(v)]) = 4 or cl(G[A2(v)]) = 4 for each v ∈ V (K12). (12)
It follows from (11) and (12) that
if cl(G[A1(v)]) = 4 then cl(G[A2(v)]) ≤ 1 for each v ∈ V (K12). (13)
Assume that there are two vertices a, b ∈ V (K12) such that the edge ab is blue and
cl(G[A1(a)]) = cl(G[A1(b)]) = 4. Then it follows from (13) that cl(G[A2(a)]) ≤ 1 and
cl(G[A2(b)]) ≤ 1. Let us consider the following 3-coloring of V (Q):
V1 = A2(a)
V2 = A2(b)\A1(a)
V3 = V (Q)\(V1 ∪ V2).
It is clear from the definition of V1, V2, V3 that V3 consists of such vertices that are
connected with both a and b with blue edges. It is clear from cl(G[A2(a)]) ≤ 1 and
cl(G[A2(b)]) ≤ 1 that V1 and V2 contain no 2-cliques. But we know from [8] that
Q
v
→ (2, 2, 4) and hence V3 contains a 4-clique. If this 4-clique has a blue edge then
then this blue edge together with the edge ab is a blue 4-clique. If this 4-clique does
not have a blue edge then it is a red 4-clique- a contradiction. Thus we obtained that
if cl(G[A1(a)]) = cl(G[A1(b)]) = 4 then the edge ab is not blue, a, b ∈ K12. (14)
Analogously we obtain
if cl(G[A2(a)]) = cl(G[A2(b)]) = 4 then the edge ab is not red, a, b ∈ K12. (15)
We have from (12) that cl(G[A1(v)]) = 4 or cl(G[A2(v)]) = 4 for each v ∈ K12.
For a fixed v ∈ K12 we may assume without loss of generality that cl(G[A1(v)]) = 4.
Assume that for this v there exist three distinct vertices b1, b2, b3 ∈ K12 such that the
edges vbi, i ∈ {1, 2, 3} are blue. Now it follows from (13), (14),(15) and the fact that
the edges vbi, i ∈ {1, 2, 3} are blue that
cl(G[A2(bi)]) = 4 and cl(G[A1(bi)]) ≤ 1 (16)
for i ∈ {1, 2, 3}. Now it follows from (15) that the edges bibj are blue for i, j ∈ {1, 2, 3}.
Hence vb1b2b3 is a blue 4−clique and the theorem is proved.
Thus we obtained that there are no more than two blue edges from the vertex v.
Therefore there are at least 9 vertices connected to v with red edges which contradicts
(10). We proved that G
e
→ (4, 4). As cl(G) = 4 then we obtain that Fe(4, 4; 17) ≤ 25,
which we wanted to prove.
Remark So far it was known by [1] that Fe(4, 4; 17) <∞.
The last known lower bound of the edge Foklman number Fe(4, 4; 17) is Fe(4, 4; 17) ≥
22 - see [15].
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